THE MULTIPLE ZETA VALUE ALGEBRA 
AND THE STABLE DERIVATION ALGEBRA 



HIDEKAZU FURUSHO 



Abstract. The MZV algebra is the graded algebra over Q generated by all 
multiple zeta values. The stable derivation algebra is a graded Lie algebra 
version of the Grothendieck-Teichmiiller group. We shall show that there is 
a canonical surjective Q-linear map from the graded dual vector space of the 
stable derivation algebra over Q to the new-zeta space, the quotient space of 
the sub-vector space of the MZV algebra whose grade is greater than 2 by the 
square of the maximal ideal. As a corollary, we get an upper-bound for the 
dimension of the graded piece of the MZV algebra at each weight in terms 
of the corresponding dimension of the graded piece of the stable derivation 
algebra. If some standard conjectures by Y. Ihara and P. Deligne concerning 
the structure of the stable derivation algebra hold, this will become a bound 
conjectured in Zagier's talk at 1st European Congress of Mathematics. Via the 
stable derivation algebra, we can compare the new-zeta space with the i-adic 
Galois image Lie algebra which is associated with so the Galois representation 
on the pro-/ fundamental group of P— — {0, 1, oo} . 
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0. Introduction 

In connection with the Galois representation on the pro-Z fundamental group 
7ri (Pi-— {0, 1, oo}) for each prime I, the stable derivation algebra ( D. = © D w , {$ m Q.} 

Q V w>2 

which is a certain filtered graded Lie algebra over Q defined combinatorially was 
studied independently by Y. Ihara (^1] and ^j) and V. G. Drinfel'd (0). It can 
be regarded as a graded Lie algebra version of the Grothendieck-Teichmuller group. 
An embedding 

: c/.^S) .®qQ;, 

where q 1 . is the graded Lie algebra over Q; associated to the Galois image of this 
pro-/ representation, was constructed, and it was conjectured to be an isomorphism 
for all primes I, i.e. S). may be a common Q-structure of g l . for all primes I (|T2*|). 

In contrast, here we shall construct a Hodge counterpart of this map. Let Z w 
be the Q-vector space generated by all multiple zeta values of indices with weight 
w. And put Zo = Q. The MZV algebra is its formal direct sum; Z. = © Z w . The 

new-zeta space is a filtered graded Q-vector space which is a quotient of the ideal 
Z >2 ; NZ. = Z >2 /(Z >Q ) 2 . For more details, see S flOl 

Theorem 4.2.2 . There is a canonical surjective Q-linear map 

V DR : ST. -» NZ. 

as filtered graded Q-vector space, where 3D*, is the filtered graded dual of the stable 
derivation algebra. 

There is a standard conjecture on the structure of S). which is a combination of 
the conjectures (§H3J by Y. Ihara and P. Deligne concerning the Galois represen- 
tation on 7r^(Pi- — {0, 1, oo}). 
w 

Conjecture 2.4.1 . S). is a free Lie algebra generated by one element in each 
degree m (— 3, 5, 7, ■ • • ). 

As a corollary of Theorem l4.2.2l we get the following 

Proposition 4.3.7 . If we assume Conjecture \2.4-l\ then we get a "final upper 
bound" 1 

dim,QZ w ^ d w 

where d w is the conjectured value of dim,QZ w in Dimension Conjecture (\i'6\. see 
also § jEH )- 

Modulo Conjecture 2.4.1, Dimension Conjecture is equivalent to 
Conjecture 4.3.8 . <Pdr is an isomorphism. 

Particularly this conjecture claims that the dual vector space of NZ. might admit 
a co-Lie algebra structure deduced from that of ST.. 

This paper is organized as follows. The definitions and basic known facts on 
multiple zeta values will be reviewed and the new zeta space will be introduced 
in §1. §2 is devoted to reviewing the stable derivation algebra which appeared in 
some works by Y. Ihara on the Galois representation on 7r[(Pi-— {0, 1, oo}). In §3, 

^A.B. Goncharov announced that he has shown the upper-bounding part of Dimension Con- 
jecture by the theory of mixed Tate motives in Recently another proof was also given by T. 
Terasoma in 1211 . 
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we shall recall the basic properties of the Drinfel'd associator which are required 
to prove our main theorem. We shall state and prove our main results in §4. The 
connection between the new-zeta space and the stable derivation algebra will be 
built up there. In §5, we shall compare our story in Hodge side (§4) with the story 
in Galois side (§2). 

Acknowledgments . I am deeply grateful to Professor Y. Ihara for introducing me to 
this area. This paper cannot be written without his continuous encouragements. I 
would also like to thank H. Tsunogai for kindly showing me his many computations 
and M. Kaneko for informing me literatures on MZV's. 

1. The MZV algebra 

This section is devoted to reviewing the known facts and basic conjectures on 
multiple zeta values and to introducing the new-zeta space. 

1.1. Introduction of MZV. 

Definition 1.1.1. For each index k = (fci, fc 2 , . . . , k m ) of positive integers with 
ki, ■ ■ ■ .k m -i ^ 1, k m > 1, the corresponding multiple zeta value (MZV for short) 
£(k) is, by definition, the real number defined by the convergent series: 

C(k) ^ ! 



£ 

0<ni<---<n„ 



The weight of k : wt(k) (rcsp. the depth of k : dp(k) ) is defined as wt(k) — 
ki H h k m (resp. dp(k) = m). 

Sometimes a multiple zeta value is called as a Zagier sum, a multiple harmonic 
series or a poly zeta value. 

Examples 1.1.2. 



dp = 


l,wt = k(k G N^ 2 ) 


C(fc) (Riemann zeta value) 


wt = 


1, 


no MZV's 


wt = 


2, dp = 1 


C(2) 


wt = 


3, dp = 1 


C(3) 




,dp = 2 


C(l,2) 


wt = 


A,dp=l 


C(4) 




,dp = 2 


C(1,3),C(2,2) 




,dp = 3 


C(M,2) 


wt = 


w&2), 


2 W - 2 tuples of MZV's. 



Definition 1.1.3. For each natural number w, let Z w be the Q-vector space of R 
generated by all MZV's of indices with weight w: Z w = (((k)|wt(k) = w)q C R, 
and put Z — Q. For each natural number m and w, let be the subspace of Z w 
generated by all MZV's of indices with weight w and depth m: Z™ = (C(k)|wt(k) = 
w,dp(k) = m)q. 

Z w has the ascending depth filtration: Z^ m = (((k)\wt(k) = w,dp(k) < to)q. 

<CH)q = z* 1 c z< 2 c • • • c z^- 1 = Z w c R 
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On Zq, set Zq = Z^° = zf l = zf 2 = ■ ■ ■ . 

We should note that Z w is not graded by depths. For example, see C(3) = 
C(1,2),C(1,3) = |C(4). 

1.2. The MZV algebra. Let Z. be the formal direct sum of Z w for all w ^ 0; 

Z. = © Z w . Put Z>o = © Z w . They are Q- vector spaces graded by weights. 

Lemma 1.2.1. The product of two MZV's, one with weight a and depth m, the 
other with weight b and depth I belongs to the vector space Z^A m . 

This follows directly from the definitions. Considering Z. as the sub- vector space 
of the graded algebra S. = © S w where S w — R, we can give Z. a structure of 

algebra. 

Property 1.2.2. Z. becomes a filtered graded Q- algebra (i.e. Z^ 1 ■ Z^ m C Z^\^ m ) 
and Z > o is a homogeneous ideal of Z.. 

We shall call Z. the MZV algebra. There is a natural ring homomorphism d : 
Z. — > R which is identity on Z w for each w. The following conjecture is stated in 
[5] and 0. 

Direct Sum Conjecture . The homomorphism d is injective, i.e. there are no 
non-trivial Q-linear relations among different weight MZV's. 

This conjecture would imply that all MZV's are transcendental numbers. But 
not much is known about these transcendencies. Among the known results, we 
quote here the following; £(2fc) (k = 1,2,...) is a rational multiple of 7r 2fe (L. 
Euler), it is transcendental (Lindemann), £(3) is irrational (R. Apery) and {((n) ^ 
Q|n — 3, 5, 7, . . . } is an infinite set, which is a recent result of Tanguy Rivoal 20 . 
It seems hard to prove the direct sum conjecture. On the dimension of Z., the 
following conjecture appears in |23j . 

Dimension Conjecture . dim,QZ w is equal to d w , which is given by the Fibonacci- 
like recurrence d w = d w ^2 + d w —a, with initial values do = 1, d% = 0, d^ = 1, i.e. 

_ a w+2 (P - 7) + /r+ 2 (7 - a) + -f w+2 (a ~ (3) 
W ~ (a -/?)(/? - 7 ) ( 7 -a) ' 

where a, [3, 7 are roots of x 3 — x — 1 among which a is the only real root a — 
1.324717- ••, and \j3\ = \ j\ < 1. 

By the above formula for d Wl approximately d w ~ ( a J* /3 - ) ( a _ 1 - j = (0.411496 • • ■ ) ■ 
(1.324717 • • • ) w , so d w is much smaller than 2 W ~ 2 , the number of indices of wt = w. 
So it indicates that there must be many Q-lincar relations among MZV's of the same 
weight. In fact, several such relations have been found by many mathematicians 
and physicists. For example, C(3) = C(M) and C(4) = 4C(1,3) = |C(2, 2) by L. 
Euler. Due to those relations we know generators of the MZV algebra in lower 
weights in Example 11.2.31 and the upper bound dimo^Z w ^ d w for w ^ 12 (for 
d w , see also below). But it seems difficult to prove the lower-bounding inequalities 
because we need to show the linear independency. 



w 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 




1 





1 


1 


1 


2 


2 


3 


4 


5 


7 


9 


12 


2 w-2 


/ 


/ 


1 


2 


4 


8 


16 


32 


64 


128 


256 


512 


1024 
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Examples 1.2.3. 



Z 


=(i)q 


Zi 


=0 


z 2 


= (7T 2 } Q 


z 3 


=<C(3))q 


z 4 


-(^ 4 )q 


z 5 


= (7r 2 C(3),C(5)) Q 


z e 


= <AC(3) 2 >q 


Z 7 


= <7r 4 C(3)VC(5),C(7)} Q 



Z B =(7T 8 ^ 2 C(3) 2 ,C(3)C(5), C(3,5) ) Q 

Z 9 =(7r 6 C(3), A(5), 7T 2 C(7), C(3) 3 , C(9))q 

Z 10 =(tt 10 , tt 4 C(3) 2 , tt 2 C(3)C(5), tt 2 C(3, 5), C(3)£(7), C(5) 2 , C(3, 7)) Q 
For weights 11 and 12, see Example 14. 3. 41 

1.3. The new-zeta space. It seems now that there exist no non-trivial Q-linear 
relations among the above MZV's at each weight in Examples 1.2.3. So if the 
dimension conjecture is true, they must form bases of the vector spaces in respective 
weights. Compare the underlined MZV's with the other ones. The other ones are 
old-comers in the sense that they are written as a product of lower weight MZV's. 
In contrast, the underlined ones might be new-comers. Those new-zeta values are 
algebraic generators of the MZV algebra Z.. Where and how many those new-zeta 
values appear? On this question, it is natural to take the following quotient space 
of Z. . 

Definition 1.3.1. The new-zeta space is the graded vector space over Q. 

NZ. = JBNZ W :=Z./ ([Z >a f ® Q ■ t: 2 © Q ■ l) = Z >2 /(Z >0 ) 2 , 

where (Z >0 ) 2 is the ideal of Z. generated by products of the two elements in Z >0 . 
It is equipped with the depth filtration {NZ.^ m } m ^ which is induced from the 
depth filtration {2'. ! * m } me N of Z. by the natural surjection Z. -» NZ.. 

It is also natural to raise the following 

Problem 1.3.2. Clarify the structure of (NZ., {NZ.^ m } meN ^j as the filtered 
graded Q-vector space. 

This problem is one of our main motivations in this paper. We note that the 
algebra structure of NZ. is no more interesting, because its multiplicative map is 
trivial. 

2. Review of the stable derivation algebra 

In this section, we shall recall the definitions on the stable derivation algebra 
which appeared in works by Ihara on Galois representation on tti(P^ — {0, 1, oo}) 

(ini-na). 
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2.1. The stable derivation algebra. Let n ^ 4. The braid Lie algebra on n 
strings *B < '"- ) = © fljjt is the graded Lie algebra over Q which has the following 

presentation. 

Generators: Xij (1 ^ i, j n) 

Relations: (a) Xij = ,Xi,j — Xj,i (1 n) 

(b) £ z a =0 (1 < i < n) 
fc=i 

(c) [arij.o:*,!] =0 ({i,j}n{fc,Z} = 0) 
Grading: deg Xij — 1 (1 ^ i < j ^ n) 

It is obtained from the lower central series of the pure braid group on n strings in 
a cetain standard manner (see Note that is freely generated by and 

(5) 

£2,3, and is an extension of the free Lie algebra of rank 2 by that of rank 3. As 
for general ^3. , they are connected with each other by the standard projections 
Pn ■■ -» defined by (1 ^ i,j ^ n) and ccjj i— > (othewise). 

The derivation I? of ^P. is called special if there exists some uj g *p: ' such 
that D(xi,j) — [tij,Xij] for each i, j (1 ^ i,j ^ n). The special derivations of 5)J_ 
form the graded Lie algebra .Der"^™" 1 whose degree k (k ^ 1) part consists of those 
D's with E $pl (1 ^ i,j ^ n). This Lie algebra contains the inner derivations 
InnDer^ty^ as homogeneous ideal and the quotient Lie algebra OutDer^^ :— 
Der^tyi, j InnDer^tyS. is called the graded Lie algebra of special outer derivations 
of fp^ 1 -* . The symmetric group & n acts on 5)3. as automorphisms of graded Lie 
algebra by Xij i— > a:<r(*),o-(j) I " 6 6 n ) for each i, j (1 ^ i, j ^ n). The S„-action 
D i— » a o D o cr _1 for each derivation £) of $P; (<r E & n ) induces an S„-action on 
OutDerty[ n) . The invariant subalgebra := (Ou*Z>er"«P. (n) ) 6 » of this action is 
called the graded Lie algebra of symmetric special outer derivations of $JJ. . Note 
that each degree k piece 2)1 of — © 2)1 is finite dimensional Q-vector 

space. 

Since each special derivation £> of fjpy l+1 ' leaves Kerp n stable, we can associate 
the Lie algebra homomorphism ip n : J)^ n+1 ^ — > <£)( n \ On the following sequence of 
Lie algebra homomorphisms 

V>»+i s (n+l) <K jj(n) ^5 ^(5) s (4) 

Y. Ihara proved that ^>„ is injective for n ^ 4 in and then in |14| . that ^„ is 
bijective for n 5. Therefore, ^ n induces 

• • • ~ i)( n+1 ) ~ ~ ~ D (5) ^ £> (4) 

After the stability property of this tower for n 5, he called 2). the stable 
derivation algebra. The sense of considering such a tower of Lie algebras is explained 
in i n connection with the action of the absolute Galois group Gal (Q/Q) on the 
pro-^ fundamental group of PL- — {0, 1, oo} and partly it concerns the philosophy 

of "Teichmiiller-Lego" in [Sj. 

2.2. The normalization form of the stable derivation algebra. Let L. = 

© h w = Qx © Qy © Q[x, y] ®Q[x, [x, y]] © Q[y, [x, y]] © ■ • • be the free graded Lie 
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algebra over Q on two variables x and y with grading deg x — deg y = 1. This Lie 
algebra L. has the descending filtration {3™L.} me N : L. = 3 d L. D S^L. 2 i? 3 L- 2 

S" 4 L. D , which is defined inductively by 5 rl L. = Qy © Q[x, y] © Q[x, [x, y]] © 

Q[y, [x,y]] © • ■ • and S m L. = [^L., ^ m " 1 L.]. 

(5) 

It was shown in [Mj that the stable derivation algebra 33. can be identified 
with the graded Lie subalgebra 53. of Derh. which has the following presentation: 
33. = © 33 TO , 

where D w = {Df £ Z3erL . | / £ L«, satisfies (0) ~ (iii) below.} 

(0) /e [L.,L.] (= ©L fc ) 

k— 2 

(1) f(x,y) + f(y,x) = 

(ii) + f(y,z) + f{z-x) = for x + y + z = 

(iii) S /(aVfij^i+M+a) = in ■ 

iGZ/5 

Here, for any Lie algebra H and a, f3 £ H, f(a, (3) denotes the image of / £ L. by 
the homomorphism L. — » H defined by x h- > a, y i— » (3 and, for / in L., Df : L. — ► L. 
is a special derivation defined by Df(x) — and Df(y) — [y, /]. It can be checked 
easily that [D/,-D fl ] = £>h with /i = [/,y] + D f (g) - D g (f). Note that D E 53. 
determines uniquely / £ [L.,L.] such that D = Df. We also remark that in fact 
(iii) implies (i). 

The Lie algebra S3, was also studied independently by V. G. Drinfel'd (jHj) as 
the graded Q-Lie algebra version of the Grothendieck-Teichmiiller group. In 3,5). 
and ?p, appeared as ©fltt"(Q) and a®. 

Remark 2.2.1. In ^1] and ^B], (ii) is replaced by 

(ii)' [y,f(x,y)] + [z,f(x,z)] = for x + y + z = 0. 

But (i), (ii), (iii) and (i), (ii)', (iii) are equivalent (cf. and |14j ). 

(5) 

From now on, we will identify the stable derivation algebra 33. with 33.. 

2.3. Weights and depths. Against the standard terminologies in graded Lie alge- 
bras, degrees of the stable derivation algebra are called weights in connection with 
weights of modular forms in JHj- The depth filtration of 33. which is introduced in 
[Tfi] is the descending filtration {d m ^>-}meN- 

33. = S rl 33. D S 2 53. D S 3 33. D • • ■ 

where S m 33. = {D f \ f £ S m L . satisfies (0) ~ (iii)}. 

It provides 33. with a structure of filtered graded Lie algebra. In §4, we shall see 
that these terminologies, weight and depth, correspond to those of MZV's. On the 
dimension of the depth filtration of the stable derivation algebra at each weight w, 
the following results are known. 

Proposition 2.3.1 (QU). • $ m, D w = S m+1 33„, if w ^ m(mod2). 

• S m 33„, = {0}«/m>§. 

Jl w = 3,5,7,9,... 
10 w : otherwise . 



• dim Q (^JDw /S 2 53, 
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dim Q 



w : odd 

w : even (Ihara-Takao). 



Examples 2.3.2. The following computation table of the stable derivation algebra 
up to weight 12 is due to Y. Ihara, M. Matsumoto and H. Tsunogai. 



2>i 


= 0, 


2) 2 


= 0, 


2)3 


= (D f3 ) Q , 


2) 4 


= 0, 




= (^a)q, 


s 6 


= 0, 


S) 7 


= (D f7 ) Q , 


2)8 


= {{D h ,D f5 ] > Q 


2) 9 


= <£>/ 9 >q, 



S)io = <[r>/ 3 ,-D/ 7 ] >q, 

©u = ( [^ /3 ,C /9 ],[^ /5 ,^ /7 ] ) Q . 
Here, f w is a certain element of li W . For example, and f§ are as given below. 
h =[x, [x,y]] + [y, [x,y]}, 

h =2[x, [x, [x, [x, y]}]} + 4[y, [x, [x, [x, y]]}} + 4[y, [y, [x, [x, y}]]} 
+ 2[y, [y, [y, [x,y]]]] + [[x,y], [x, [x,y]]] + 3[[x,y], [y, [x,y]]}. 



w 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


dim Q D w (= d^w) 








1 





1 





1 


1 


1 


1 


2 


2 


dimQ $ 2 Q W 























1 





1 


1 


2 


dirriQ $ fi D w 
































1 


1 


dimQ S" 4 2) U) 



































1 


dimQ $ b T) w 







































2[D h ,D fB ]-27[D fs ,D fT ] G 3 3 2). 

2.4. A connection between the Z-adic Galois image Lie algebra and the 
stable derivation algebra. Let I be a prime. Consider the outer action 

tpt : Gal(Q/Q) -> Out ir[ l) (P^ - {0, 1, oo}) 

of the absolute Galois group Gal(Q/Q) on the pro-? fundamental group of Pi- — 
{0, 1, oo}. The l-adic Galois image Lie algebra Q l = © g l w is the graded Lie algebra 

over Q; which is constructed from the image of <pi in a certain standard way and 
it is shown that g[ can be embedded into the Z-adic stable derivation algebra 

&i ■ 6 l . ^ 2). ® Q Q ; 
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for all primes I (for more details, see On the map and these Lie algebras, 

Q l . and £)., the following conjectures are stated in and ^H] an d partly in 0. 

Conjecture 2.4.1. (1) <Pj : <^-> 2). ®q Q/ is an isomorphism for every prime 
L 

(2) These Lie algebras are free. 

(3) On generators of these Lie algebras, we can take one element in each odd 
degree m (m = 3, 5, 7, ■ • •). 

The validity of (1) implies that the ^-adic Galois image Lie algebra g l . has a 
common Q-structure for all primes I and the stable derivation algebra S3, which is 
defined entirely combinatorially becomes this common Q-structure. Conjecture (3) 
for g . was proved by R. Hain and M. Matsumoto in ^U]. On the lower weight up 
to 12 for 33. and 17 for g°., H. Tsunogai verified (1), (2) and (3) by computations 



w 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


dirriQ D w 








1 





1 





1 


1 


1 


1 


2 


2 


/ 


/ 


/ 


/ 


/ 


dirriQ g l w 








1 





1 





1 


1 


1 


1 


2 


2 


3 


3 


4 


4 or 5 


7 



3. Review of the Drinfel'd associator 

We shall review the basic properties of the Drinfel'd associator which is required 
to prove our main theorem in the next section. Most of them can be found in [3] 
and Q7]. 

3.1. The KZ equation and the Drinfel'd associator. Let A£ = C((A, B)) 
be the non-commutative formal power series ring with complex number coefficients 
generated by two elements A and B. Consider the Knizhnik-Zamolodchikov equation 
(KZ equation for short) 

r)C A R 

(KZ) („) = (_ + ). G (u) 

ou u u — 1 

where G(u) is an analytic function in complex variable u with values in AQ where 
'analytic' means each of whose coefficient is analytic. The equation (KZ) has sin- 
gularities only at 0, 1 and oo. Let C be the complement of the union of the real 
half-lines (— oo, 0] and [l,+oo) in the complex plane. This is a simply-connected 
domain. The equation (KZ) has a unique analytic solution on C having a specified 
value at any given points on C. Moreover, at the singular points and 1, there 
exist unique solutions Go(u) and G\(u) of (KZ) such that 

G (u) sa u A (u -» 0), Gx(u) sa (1 - u) B (u -» 1), 

where rs means that Gq(u) ■ u~ A (resp. G\(u) ■ (1 — u)~ B ) has an analytic con- 
tinuation in a neighborhood of (resp. 1) with value 1 at (resp. 1). Here, 
u A := exp{Alogu) := 1 + + i£w£L + IdJapi! + . . . and Zo ffU := /" f in C. 

In the same way, (1 — u) B is well-defined on C One can calculate the lower degree 
parts of Gq(u) as follows. 
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GoO) = 1 + (logz)A + log(l - z)B + ^ logz ^ A 2 - Li 2 (z)AB 



+ {Li 2 {z) + (logz)log(l - z)} BA ■ 



{log{\ - z)} 2 p2 (logzf 
2 B + —^~ 



.4 :i 



Li 3 (z)A 2 B + {2Li 3 (z) + (logz)Li 2 (z)} ABA + Li 1<2 (z)AB 2 



Li 3 (z) - (logz)Li 2 (z) 



(logz) 2 log(l — z) 



BA 2 + Li 2A (z)BAB 



Lh, 2 (z) + Li 2t i(z) 



logz{log(l - z)} 2 



B 2 A 



{log(l-z)¥ 



B 



where 



Lik u ...,k m {z) :-- 



E 



Since Gq(u) and Gi(u) are both non-zero unique solutions of (KZ) with the spec- 
ified asymptotic behaviors, they must coincide with each other up to multiplication 
by an invertible element of AQ . 

Definition 3.1.1. The Drinfel'd associator 2 is the element $>kz(A, B) of A^ which 
is defined by 

Go(u) = Gi(u)-$jrs(A,B) . 

By considering the image in (A^) ab , the abelianization of Afe, we easily find that 
$Kz(A,B) = lm(A£) ab . 

3.2. Explicit formulae. We will discuss on each coefficient of the Drinfel'd asso- 
ciator § KZ (A, B). 

Let wi,W2, ■ ■ • , w„ (n 1) be differential 1-forms on C'. An iterated integral 
J Q to n o w„_i o- ■■ a u>\ is defined inductively as J Q Lo n (t n ) J Q n uj n -i °- • • ° It is 
known that MZV's can be written by iterated integrals as follows. 



f du du du du 
C(«l,«2, ...,Km) = I o---o o- o o 



u 1 — u u 



du 
1-u 



du du du 
o — o ■ • • o — o 

u u 1 — u 



This expression is due to Kontsevich and Drinfel'd. It can be verified by direct 
calculations (see, for example, |S] and [Sj). 
Let 

--Q{A,B)(cA£) 



w>0 



2 To be precise, Drinfel'd defined tpKz(A, B) instead of §kz(A, B) in where tpx z(A, B) 

1 v \ 2tyi ' 2-Kt 1 
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be the non-commutative graded polynomial ring over Q with two variables A and 
B with degA = degB = 1. Here A w is the homogeneous degree w part of A.. Put 

M = A ■ A . B = {A ■ F ■ B\F G A.} 

which is the Q-linear subspace of A.. Define the Q-linear map Z : M — > C which 
is determined by 

Z(A Pl B qi A P2 B q2 ■ ■ ■ A Pk B qk ) :-- 



o 



1 du du du du 
— o ■ • • o — o o ■ • • o 

u u 1 — u 1 — I 



91 



du du du du du du 
o — o o o — o • ■ ■ o — o o 



u 1 — u ^ u u j \ — u 1 — u 

Pk q k 
= C(l, . .. l,p fc + 1, 1, . . . l, Pk _x + 1, , 1,JH + 1) 

9fe — 1 1k-i— 1 

for pj, % ^ 1(1 ^ i ^ k). It is the iterated integral from to 1 obtained by replacing 
A by ^ and B by 

Definition 3.2.1. The word is an element of A. which is monic and monomial. But 
exceptionally we shall not call 1 a word. For each word W, the weight and depth 
of W are as follows. 

wt(W) :— 'the sum of exponents of A and B in W 

dp(W) := 'the sum of exponent of B in W 

For example, A 3 BAB is a word with wt(A 3 BAB) = 6 and dp(A 3 BAB) = 2. 
Note that, by definition, Z(W) <G Z™ (see Definition 1 1.1. 3 jl for any word with 
wi(VK) = w and dp(W^) = m. We can expand uniquely as &kz(A, B) = 1 + 
I(W)W, where each I(W) is a complex number. The following product 

W: words 

structure is required to calculate each I(W) explicitly. 

Definition 3.2.2. The shuffle product 'o' is the Q-bilincar map o : A . x A. — > A., 

which is defined by 

SI: W o 1 = loW = W 

S2: UW o VW = U(W o VW) + V(UW o W) where U, V G {A, B}, 
for all words W 7 , W' in A.. 

For example, 4Boi = 2A 2 B + ABA, AB o AB = 2ABAB + AA 2 B 2 . Note 
that Z(W) ■ Z(W) = Z{W o W') if W, W G M. It is a basic property of 

iterated integral. There is a natural surjection from A. to A . j (BA ,+A.A). By 

identifying the latter space with Q • 1 + M(= Q • 1 + A- A.-B) we obtain the Q-linear 

map / : A. <-> A . / f BA . +A . A] ^ Q • 1 + M ^ A.. 



Proposition 3.2.3 ((Explicit Formulae)). Bac/i coefficient of$Kz(A,B) 
^2 I(W)W can be expressed as follows. 3 

W -.words 



"^Another explicit formula of the Drinfel'd associator was obtained in 1181 . but there seems 
to be an error on the signature in Theorem A. 9. Their formula is inconvenient for our present 
purpose because they expressed each coefficient of MZV in terms of words instead of expressing 
each coefficient of word in terms of MZV's. 
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(a) When W is in M, I(W) = (-l) dp ^Z(W). 

(b) When W is written as B r VA s {r, s > 0, V € M), 




(c) When W is written as B r A s (r,s ^ 0), 




Proof . Applying the method (A. 15) in ^B], we get these expressions. 



□ 



This proposition implies 

Property I . Each coefficient of &kz(A, B) can be written by MZV's. More 
precisely, for each word W with wt(W) = w and dp(W) ~ m, I(W) is in Z™ . 

The terms of low degrees of &kz(A, B) are as follows. 



®kz{A, B) = 1 - C(2)[A B] - C(3)[A, [A, B]] + C(l, 2) [[A, B] } B] 

+ C(4)[A, [A, [A, B}}} + C(l, 3) [A, [[A, B],B}} - C(l, 1, 2) [[[A, B],B], B 

+ ±((2) 2 {A,B} 2 + 



3.3. Relations. Let be the completion by degree of the free Lie algebra L. ®C 
over C (for L., see ^2.2(1 . The Lie algebra can be naturally identified with a 
subspace of A^ by replacing [A, B] by AB — BA. The following property was a key 
to prove one of the main theorems in 0. 

Property II . The Drinfel'd associator satisfies 



' (0) log $kz(A, B) := I(W)W} - ±{£ I(W)W} 2 + ±{£ I(W)W} 3 

(I) <S>kz(A,B)<S> kz {B,A) = 1 
< (II) e^ A <S> KZ (C,A)e mC <$> KZ {B,C)e^ B <S>Kz(A,B) = 1 



(III) $KZ(X1,2, X2,3)$KZ(X3A, X 4 ,5)$Kz{x 5 ,l, Xlj) 

®KZ{X 2 ,3, X 3A )$ KZ (X4,5, ^5,l) = 1 in U<#[ 5) ® C . 
(5) 

Here, U?ji) ® C stands for the completion by degree of the universal enveloping 

? 5) 

algebra of *P; tensored by C. In fact (III) implies (I). 
Proposition 3.3.1. Relation (III) implies (I). 

Proof . Observe that we have a basic projection of completed non-commutative 

algebras p : Utyi[ 5 ^ <g) C -» which sends ^1,2)^2,3)^3,4)^4,5 and 2:5,1 to A 7 B,A,0 
and respectively. Since 



P[ ®KZ(X1,2,X2,3)$KZ(X3,4, XA$)$KZ (x5,l , X\^)^K z{x2,3 , X3,i)®KZ (#4,5 ) x 5,l) 



/or A + B + C* = 



(III) implies (I), as desired. 



□ 
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Remark 3.3.2. Our above formulae are not exactly the same as those below given 
in Drinfel'd's original paper however they are equivalent. 
. logcp KZ (A,B) e [L£,L£] 

• <pkz(B,A) =i P Kz(A,B)- 1 (2.12) 

for A + B + C = (5.3) 

• <PKZ(X1,2,X2,3 + X2,4,)<PKz(xi,3 + ^2,3, £3,4) = <-PKZ (£2,3 , ^3,4) ■ 

iPKz(xi,2+Xl,3,X2,4, + x 3,A)(PKz(xi,2iX2,3) in ® C (2.13) 

The proof of his formulae relies on some asymptotic behaviors of certain solutions 
of the KZ equations system on some specified zones. Property I and formulae (0) ~ 
(III) suggest that we can get many algebraic relations among MZV's. In the next 
section, we shall see that his formulae (equivalently ours) play an essential role to 
prove our main theorem. 

4. Main results 

The purpose of this section is to show the close relationship between NZ. and 

4.1. The new-zeta quotient of the Drinfel'd associator. By Property I (S H3.2|) . 
the Drinfel'd associator &kz(A, B) = 1 + I(W)W can be regarded as an 



W:words 



element of ffi (Z w ®q A„ 

w>0 



Definition 4.1.1. The new-zeta quotient of the Drinfel'd associator &kz(A, B) = 
I(W)W is an element of the Q-linear vector space ffi {NZ W <S)q A w ) ob- 

W:words w >° 

tained from &kz(A, B) by replacing each I(W) by I(W) which is the image of 
I(W) by the natural surjection Z. -» NZ.(= Z . j ( (Z >0 ) 2 © Z 2 © Z ) )• 

Embed the Lie algebra L. into A. by the map [A, B] i— > AB — BA and identify 
1) w with 

oo 

(0) /e [L.,L.] (=® U) 

(1) f(x,y) + f(y,x)~=0 

(ii) f{x, y) + f (y, z) + f(z, x) = for x + y + z = 

(iii) J2 f(xi,i+i,%i+i,i+2) = in <P. (5) 

iGZ/5 



by sending D g G D w to g S A^ for each w ^ 1. Then we can regard J), as a 
subspace of the graded vector space A.. 



Theorem 4.1.2. The new-zeta quotient of the Drinfel'd associator ^xz{A, B) lies 
on the Q-linear vector space © (NZ W ©q D w ). 

w>2 



Proof . 

<&KZ = exp log^KZ = 1 + log^KZ 
= 1 + log$ KZ 



{log<^Kz) 2 , {log^Kzf 



2! 

mod(Z >0 ) 2 . 



3! 
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This means that <5>kz = J2 I{W)W lies on © (NZ W ©q L w ). From relations 

W:vro rds 

(0) - (III) in Property II (§E3 of the Drinfel'd associator <& KZ (A,B) = 1 + 
I(W)W £ © (Z w © Q A w ), we find that <5> KZ (A,B) = £ I(W)W € 

© (JVZ„, ®q L„) satisfies 

w>2 



(i) + =0 



(ii) $ K z(A,B) + $ KZ (B,C) + $ KZ {C,A) =0 for A + S + C = 
(hi) V $A'z(^, l+ i,a; l+1 , 4+ 2) = in © (NZ W © Q «pW) 



So we find that <&kz can be regarded as an element of © (NZ W ®q D w ). □ 
4.2. Main theorem. 

Definition 4.2.1. The graded dual of the stable derivation algebra D* = © DJj, is 

the graded vector space whose component of degree w is the dual vector space of 
D w , i.e. 9* = {D w )*. The depth filtration {^STjmeN of D* is the ascending 
filtration: 

{0} = C C £ 2 S* C £ 3 £* C • • • , 

where B™®^ is the vector space of linear forms on ® w whose restriction to : S m+1 ® w 
is zero, i.e. $ m ®l = {/* G 2>* | /*|a»+io„ = 0}. 

Then ^£>*, {i? m S*}meN^ becomes a filtered graded Q- vector space. 

Theorem 4.2.2. There is a canonical surjective Q-linear map of filtered graded 
vector spaces 

*dr ■■ (D;,{r i s:} meN ) - (Nz.,{Nz< m } meN y 

Moreover, it strictly preserves the depth filtration, i.e. & D R{$ m ®* w ) = NZ^ m . 



Proof . Construction: Decompose $kz as 3>kz — X) V'tu where ip w £ NZ W ©q 

io=2 

® w for all w. There is the natural isomorphism NZ W ©q ® w = HomQ(®^, NZ w ), 
thus each tp w determines a Q-linear map ^f w : ®^ — > NZ W . Then we define 
as follows. 



! f= © x>* ) — ► JVZ.f= © ivzj 

V iu=2 / V io=2 / 



u;— 2 V uj— 2 / V 2 



Surjectivity: Let it; ^ 2. Let {W^* | W : words, uit(W) = w} be a basis of . 
(: the dual vector space of A w ) where 



W*(W) 



1 if W — W, 
if W ± W, 



for all words W € A KI . Denote VF*|x)„ be the restriction of the map on A w 
into Then it is clear that | W : words, ioi(W) = w} is a system of 

generators of the Q-vector space ®^, i.e. 



®t = ( VF 



: words, wt(W) — w f 

Q 
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Note that ^ w (W*\s) w ) = I{W) , thus we find that 

*w(®Z,) = (JW) W : words, wt(W) = 
by Proposition 13.2.31 



Q 



Z{W) W el: words, wt(W) =w) = NZ,„. 

Q 



This means that the linear map ty w is surjective. 
Preserving the depth filtration: We see easily that 



(W*\v w W : words, wt(W) = w, dp(W) < 



Thus it also follows that 



, M3 rm £C) = (l(W) W : words, wt(W) = w, dp(W) sC m) 



I Q 



by Proposition 13. 2. 31 



Z(W) W 6 M : words, wt(W) = w, dp{W) < m\ 

/ Q 

= NZ <m 

This means that the linear map ^ w strictly preserves the depth filtration. □ 

&DR stands for 'de Rham' and 'DrinfePd'. 

4.3. Several corollaries and conjectures. The surjectivity of &dr implies 

Corollary 4.3.1. (i) dim^N Z w ^ dimQ D w . 

(ii) More precisely, dim Q NZ^ m ^ dim Q ^ m D* w = dim Q CD w /3 m+1, D w ). 

M. Kaneko informed me that Corollary |4~3~T1T | is also appeared in 0], which 
was deduced from the action of the stable derivation algebra on a certain torsor. 
Proposition 12.3.11 follows 



Corollary 4.3.2. 



NZ^ m = NZ^ m+1 ifw = m(mod2). 



NZ^ m = NZ W if 



m > 



1. 



• diniQNZ^ 1 sC 

• diwiQNZ^ 2 ^ 



1 w = 3, 5, 7, 9, . 
w : otherwise. 

w : odd 
l 2 ^] w : even. 



Corollary 14.3.21 (or at least a part of it) seems to have been already found by 
Don Zagier (cf. 0). 

Examples 4.3.3. From the table in Example 12.3.21 we get 



w 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


dim Q NZ^ L 








1 





< 1 





< 1 





< 1 





< 1 





dimQ NZ^ 2 








1 





< 1 





< 1 


< 1 


< 1 


< 1 


< 1 


< 1 


dim Q NZ^ :i 








1 





s$ 1 





s$ 1 


s$ 1 


s$ 1 


< 1 


2 


s$ 1 


dim Q NZ$* 








1 





s$ 1 





s$ 1 


s$ 1 


s$ 1 


< 1 


2 


2 


dimQ NZ W 








1 





< 1 





< 1 


< 1 


< 1 


< 1 


2 


sC 2 
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Examples 4.3.4. Using the computation table of the basis of D w for w = 11 and 
12 by H. Tsunogai, one can extend the list appearing in [H] to higher weights 11 
and 12 as follows. 

Z U =<A(3), tt 6 C(5), tt 4 C(7), 7r 2 C(3) 3 ,7r 2 C(9),C(3) 2 C(5), C(3)C(3, 5), 

C(H),C(2,1,8))q, 

dp—1 dp— 3 

Zu =<7r 12 ,7r 6 C(3) 2 ,^ 4 C(3)C(5), tt 4 C(3, 5), 7r 2 C(3)C(7),7r 2 C(5) 2 , tt 2 C(3, 7), 
C(3) 4 , C(3)C(9), C(5)C(7), C(3, 9), C(2, 1, 1, 8)} Q . 

dp=2 dp=i 



Let {d' k } < £L be the sequence determined by the following series. 

oc oo - 

V d' t k •= 17 1 

L^i k ' 1 _ (2 11 (l _ t w)dim Q 'S w 
k=0 w=l y ' 

Then d' k gives the dimension of the degree fc-part of the graded polynomial algebra 
infinitely generated by Zij (1 *C i, 1 < j < dirndl) j ) with deg Zij — i and ir 2 with 
deg 7r 2 = 2 . Thus we get the following dimension bounding of the MZV algebra. 

Corollary 4.3.5. 

dirriQZ w ^ d' w for all w. 

Here, the equality holds if and only if^DR '■ 5)*- -» NZ. is an isomorphism and Z. 
is polynomial algebra. 

Proof . It follows immediately from 

EdimaZk ■ t k < ^ TT — T . ..„ 

fe=0 w=l * ' 

-. OO oo 

< TT 1 = V d' t k 

^ 1 _ £2 J- -I- (l — t w \ dim( *' s ™ k 

w=l y ' k=0 

by Corollarv l4. '6 Here, for two formal power series P(t), Q(t) in Q[[i]], P(i) ^ 
Q{t) means that the formal power series P(t) — Q(t) has all of its coefficients non- 
negative. □ 

From the table in Example 12.3.21 we see that d' w = d w for w ^ 12. Here, d w is 
the conjectured dimension of Z w in S til. 21 Moreover, we find that 

Lemma 4.3.6. Suppose that Conjecture \ 2. 4 ■ 1 | f 3) for D. is true. Then 

d' w ^ dw for all w. 

The equality holds if and only if Conjecture \2.4- 1\ 2 ) for D. holds. 

Proof . Let F. = © F m be the free graded Lie algebra over Q generated by 

m^l 

e m with deg e m — m (m — 3,5,7, •■•). From the assumption of this lemma, 
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dimQ'S w ^ dimq¥ w for all w. So we get 

oo 1 OO - 

V rf' • ^ = TT 1 

Z-^i k l — t 2 fl — £wWim Q S„ 

^ 1 _ £2 IT n - fiuW'wnqF™ = ' * 

w=l V ' k=0 



A short proof of the last equality was given in The equality d' k = dk for all k 
holds if and only if dimQD w = dimQ¥ w for all w, which is equivalent to saying 
that D. is the free graded Lie algebra generated by one element in each degree 
m(= 3,5,7, •••)■ □ 

We can deduce the following proposition from Corollary 14. 3. 51 

Proposition 4.3.7. Suppose that Conjecture \2.4-l}f 3) for D. is true, i.e. 2). is 
generated by one element in each degree m(= 3, 5, 7, 9, • • • ) . Then 

dim,QZ w ^ d w for all w. 

Namely, the conjecture on the structure of the stable derivation algebra which 
arose from the study of the Galois representation on m(P^-— {0, 1, oo}) implies the 
upper-bounding part of the Dimension Conjecture of multiple zeta values f§ fll.2|) ! 

From Corollary 14. 3. 51 the validity of the Dimension Conjecture and the Conjec- 
ture H33I2), (3) for 2). would imply that Z. might be a polynomial algebra ([S]) 
and the following 

Conjecture 4.3.8. The surjective linear map 

¥ DR : (sr,{3 m ID:} me N) -» (NZ., {NZ< m } me ^ 

is an isomorphism as filtered graded Q-vector space. 

But it may be hard to prove the injectivity, since it implies deep results of 
transcendental number theory. 

Remark 4.3.9. Particularly Conjecture 14.3.81 implies that the dual vector space 
NZ*. might form a sub-Lie algebra of 2). by the Lie bracket S of 2).. This indicates 
that, for example, the map NZ^ ® NZ§ — ► NZ% induced from the Lie bracket 
S : 2)3 (£> ®5 — * ®s might be an injection, which means especially (0 ^)dirriQN Z5 ^ 
dim^N Z%(^ 1) because dim^N Zj, = 1. However showing this inequality looks a 
difficult problem (at least for the author) related to transcendental number theory. 

On the algebraic relations among MZV's, the author raises the following conjec- 
ture. 

Conjecture 4.3.10. All of the algebraic relations among the MZV's can be de- 
duced from the relations of the Drinfel'd associator (0) ~ (HI) m Property II 

(§Q. 

Suppose that Conjecture 14.3.101 holds. Then Conjecture 14.3.81 and Direct Sum 
Conjecture (S >ll.2(l also hold. By the way, is it possible to deduce all of the algebraic 
relations among the MZV's which were found till now from (0) ~ (HI)t This 
question does not seem so trivial at all. 
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Remark 4.3.11 ((0§§18.13-18.17)). P. Deligne deduced the Euler's formula ({2n) = 
~2(2n)! ( n G N, B n : the Bernoulli number) from (0) ~ (II). Since his proof is 
interesting, we give its brief sketch. 
By (I) and (II), we get 



e™°fe(C, B) e $>kz{A, B)e 



-iriC 



^Kz(C,By 1 e-^ B ^ KZ {A,B)e 



-TTiA 



He calculated the image of both hand sides of the above equality modulo exp d 2 ^c 
in [2] §18.16 as follows: 



(LHS) =exp 



e -n(adA) _ 1 + e -*i(adA){ ni ( adA ) + 2^=1 C{2n)(adA) 2n } 



adA 



(B) 



(RHS) =exp 



mod exp $ l£, 

1 + e "( adA ) {-ni(adA) + 2£ r ?=i C,{2n){adA) 2n } 



r gTri(adA) 



adA 



(B) 



mod exp J 2 !^, 



from which he obtained 

^ C(2n)(a<M) 2 «(B) = ]T Bn{adA )^ (B) . 

n=l n=l ^ 

5. Some comparisons between 'Galois Side' and 'Hodge Side' 

For each m G N, the element D = Df G 2) m determines the unique rational 
number c m {D) by the congruence / = c m {D) • (adx)" 1-1 (y) mod J 2 L m . Y. Ihara 
constructed a canonical Q-linear map c m ■ 2} m — * Q in |lfi| which is defined by 
D ^ c m (D). It is shown in |lfi| that c m G £>*„ is non- vanishing if and only if to is 
odd and m 3. 

For cr G Ga/(Q/Q), let K$(a) be the unique Z-adic integer satisfying 



7 /Tn*^ X ^ L J / / 



a£(Z/I"Z) 



_ / .(;" l - 1 -i)-s«(^) 



for all n G N. Here £jn = exp(^) , (a™ 1 ) is the representative of a m 1 vnod l n 
with < (a 1 ™" 1 ) < Z™ and x is the Z-adic cyclotomic character. It is non-vanishing 
if and only if to is odd and to > 3 (EI)- The map km (to ^ 3, odd) is called the 
m-th Soule element. It represents a non-trivial generator of H^ t (Spec Q,Q/(to)), 
which is of rank 1 for odd to ^ 1 and rank for other to (^ 1). 

Taking the dual of the embedding ; qK Q . ®qQ/ which is associated with 

the Galois representation on the pro-Z fundamental group n[(Pl- — {0, 1, oo}) (see 

w 

S ^2.4|l . we get a surjective linear map <? ; * : 23* ®q Q; -» q[* . It is shown in ^H] 
that the image of c m ®q 1 by the map : D* ®q Q; -» Q l * is ^'^ kS, where 

Sm : g' n — ► Q; is the induced Q;-linear map by km ■ On the other hand, we find 
that the image of c m by \P DR : 19* -» NZ. is — £(m) by Proposition I3.2.3f a). 
We can make a comparison between 'the de Rham world' and 'the Z-adic world' as 
follows. 
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dc Rham 



Z-adic 



NZ. «- £ 



5q Q; 



-CM 



i 



(m- 1)! 



Coni ecture 14 . 3 . 81 and Coniecture 12.4. II expect that both and fl'* are isomor- 
phisms. 
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